and derive sharp lower bounds for the period of any periodic orbit of (1.2). As an application of these bounds we obtain results relating the periods of solutions of (1.1) to the Lipschitz constant L, as well as results on the fixed points of iterates of maps on Banach and Hilbert spaces. In one of our theorems we prove that, if T is the period of a solution of (l.l), then T 3 4.5/L. This improves the bound T > 4/L obtained by Lasota and Yorke [IS] who used methods of proof that differ from ours. When the norm of E comes from an inner product (E is a Hilbert space) the best such lower bound T> 271/L was obtained by Yorke [9] . We give a simple proof of this result based on our bounds for solutions of (1.2).
Another application of our results for (1.2) provides a partial resolution of a long-standing conjecture of Schauder on fixed points of iterates of maps. Let S be a closed convex set in E, let g: S + S be continuous and suppose that g" = go go ... 0 g (m times) is compact; then Schauder conjectured that g has a fixed point in S. Adding the hypothesis that K = g -I, I the identity, is Lipschitz continuous with constant k < 4/m, we show that g has a fixed point in S.
Our basic theorem concerning the difference equation (1.2) is THEOREM 1.1. Let E be a Banach space, let X= {x0, . . . . x, _, } c E and f: X + E be Lipschitz continuous with constant L > 0. Suppose that X is a periodic orbit of (1.2) with period n: that is, x,+ , = xi + hf(xi) for i = 0, 1 ,..., n-2, andx,=x, _l+hf(x,P,). Then The relation between the dynamics of (1.1) and (1.2) is a widely studied topic. There are results concerning the preservation of stability manifolds (for example, Fenichel [3] ) as well as results relating chaotic behavior of solutions of ( 1.2) to the dynamics of (1.1) (for example, Yamaguti and Matano [S] ). The first estimate on the period of orbits of (1.1) seems to be an unpublished result of Sibuya who gave the bound T 2 2/L. The bounds that we obtain in Theorem 1.1 follow from primarily geometric reasons, and it is somewhat surprising that they lead to sharper results on the orbits of (1.2) than are obtained via the topological and analytical methods of [S, 93. Concerning the Schauder conjecture, Nussbaum [6] has proved it to hold when f is continuously differentiable. His techniques are totally different from ours.
In the next section we give the proof of Theorem 1.1 and then apply it to obtain results on fixed points of iterates of maps. In the third section we give our results on periodic functions from the reals to a Banach space and those on periodic orbits of (1.1). We also mention some applications of these results to delay-differential equations and to certain evolution equations.
PERIODS OF DISCRETE MAPS
Consider the discrete dynamical system X n+ 1=
(I+ m-G) (2.1) where Z, K: E + E are, respectively, the identity and a Lipschitz map on a Banach space E. We note that (1.2) is of the form (2.1). We derive lower bounds for the periods of periodic orbits of (2.1) and apply them to obtain fixed point theorems for iterates of maps on E. The bounds we derive are consequences of some elementary facts on sums of vectors which are given in two lemmas. From these properties we have
If n is even and nk < 4, we use the first of the above two inequalities on the sum a, + a2 + . . . + an,2 and the second inequality on the remainder of the sum in (TV) to obtain
If n is odd and nk < 4 + (k/n), then a, +a,+ *.. +a,
again contradicting (a). This proves the lemma (see also [2] ). The proof of this inequality is by induction. First, note that (2.2) is obvious if n = 2, since hypothesis (i) implies that, in this case, 8, $8, = 27~. Similarly, (2.2) holds if there are two or more pairs of consecutive vectors ui, ui+ i such that o,+ ai+ 1 = 0. In any other case we can assume without loss of generality that u2 + u3 # 0 and proceed as follows: For any two nonzero vectors ui, u2 E H, let <u,, u2 be the angle between ui and u2. By the spherical inequality in H, we have ~~l,(~~+~3)~<u~,uz+~uz,(u*+u3)
Hence -+l,~(u2 + u3) + -+,
Now, u1+ (u2 + u3) + u4 + . . .
Next 'r: l\u~~~:l wtt: r (1)~ 1 the sum of (n -1) vectors + u, = 0. Tht an induction argument yields (2.2).
n, from the triangle with vertices 0, ui, vi: I it is' easil;iden Fhat sintii;2) < k/2, because I(ui-vi+ ij/ < kl\uJ. Hence, Qi G 2 sin-'(k/2), and the lemma follows from (2.2). The case with the lIuiJI not equal is reduced to the one where they are equal by defining the product Hilbert space H" = {w = (ui ,..., u,), uie H, and (w, @) = 2 (vi, Ci)} and noting that the n vectors WI = (u1,-, U"), w2=(%,~1,...,~,-1) ,... , w,=(u2,u3
,.'. TV,) obey the hypotheses of the lemma and have equal norms. Hence, n must satisfy the lower bound in the lemma and the proof is complete.
We can now give the proof of Theorem 1.1.
Proof of Theorem 1.1. Define K(x) = hf (x). Note that K is Lipschitz continuous with constant k = Lh, and that (1.2) takes the form (2.1). Suppose that (2.1) has a periodic orbit of period n starting from some point x0. That is with xi # x0 for i < n. Then
and we may assume without loss of generality that IIWoNl = max{ Il~(xjNl}. The proof of this result is identical to that of the previous one with the bounds for Hilbert spaces used instead of those for Banach spaces. The bound in Theorem 2.4 is less restrictive than that in Theorem 2.3 and the two bounds approach each other as k -+ 2.
Remark. Note that in Theorems 2.3 and 2.4, the hypothesis that g" be an a-contraction is used only to obtain the existence of a fixed point x0, hence, it can be replaced by the hypothesis that g" has a fixed point x0 E S, where S need not be convex or closed. It is clear that other standard fixed point theorems such as Rothe's theorem can be extended to results on iterates of maps by the above arguments.
PERIODS OF LIPSCHITZ FUNCTIONS AND SOLUTIONS OF DIFFERENTIAL EQUATIONS
In this section we apply Theorem 1.1 to derive lower bounds to the periods of functions satisfying either a local Lipschitz condition or a differential equation on a Banach space. However, E = Lhlb, -+ 0 as n -+ cc and we get T > 4/L. This completes the proof.
When condition (3.2) does not hold, we can replace g by g(t) = g(t)-(l/T) jgg(s)ds and set &=max{Ilg(t)l/: t~[0, T]}, so both (3.1) and (3.2) hold for 2. The same proof then yields T 2 (4fi/LM).
The bound in Theorem 3.1 is sharp as the following example shows. Recall that a Banach space E is completely flat if there exists a curve on the unit sphere S of E with antipodal end-points and length 2. Examples of such spaces can be bound in Schaffer [7] , and in fact L,( [0, 11, R) is completely flat. It is known that there is in S a symmetric, with respect to the origin, simple closed curve s with length 4, called the girth curve of E. Select the arc-length parametrization g,: [0,4] + S of s and extend it as a periodic function g: R -+ S with period 4. Then, for It -rl < 2, g(r + 2) = -g(r) and Ilg(t)-g(r)ll G It--l = If-~llld~)lI, (3.4) and g satisfies the conditions of Theorem 3.1 with T= 4, L = M = 1.
The function g of the above example is not even weakly differentiable at any point t E R. The bound T> 4/L was obtained by Lasota and Yorke [S] under the added restriction that g be differentiable and IIg'II < LIIglj. The bound is best possible in this case also [S] .
The bound Ta4/L can be improved if we place a restriction different from (3.2). With n = 3, we obtain T> (9/2L) and the theorem is proved.
Repark. Since the property /f(x) -f(y)!1 < Lllx -y/l is needed only on the set S= {x(t): TV [0, Z']), we see that the statement of Theorem 3.2 can be improved by assuming that f is Lipschitz with constant L only on the set S. This observation turns out to be useful later in obtaining estimates on the period of periodic solutions of delay-differential equations.
The bounds T> 4/L in Banach spaces [ 51 and T> (271/L) in Hilbert spaces [9] can be easily obtained from (1.3) and (1.5) by using the Gronwall inequality. For nh < T, n 2 2, define F is a Lipschitz continuous map on (x0,..., x,-r > to E with Lipschitz constant eLh -1. Picking nh = T, and eLh 6 3, we note that {x0,..., x,-,} is a periodic solution of the difference equation Noting that T= nh and taking the limit as n -+ 03, we obtain the desired inequalities.
The above proof remains valid when f is only locally Lipschitz in the sense that uniformly in x. In this case Lasota and Yorke [S] show that the bound T>4/L is the best possible in general Banach spaces. Theorem 3.2 can be easily applied to yield bounds on the Periods of infinite dimensional systems such as delay-differential equations on Banach spaces. The following is an example of such results. Clearly, F is defined on a dense subset 2: of CnT, and y, E 2; since it is a periodic solution of (3.7). Hence, yr is continuously differentiable and y'(O) =f(yO). Letting Y = ( yr, t 2 O> c zi and restricting F to act on y -+ C"T, we chose n such that nT> r. Note We note that for retarded functional differential equations of the form (3.9), the set of o's occuring in (3.10) is finite and iu is in the point spectrum of A. An obvious generalization of Corollary 3.3 is obtained by noting that if y(t) is a T-periodic solution of a nonlinear differential equation of the form (3.8) dx/dt = F(x), F: V-t E, Vc E, and FI,,,,,, is Lipschitz continuous with constant L, then Ta (9/2L). F need not be Lipschitz, or even continuous on E. In this setting, the result can be applied to obtain bounds on the periods of solutions to nonlinear partial differential equations.
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